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Abstract. In this paper, we establish new inequahties of Ostrowski type for functions whose derivatives 
in absolute value are m— convex. We also give some applications to special means of positive real numbers. 
Finally, we obtain some error estimates for the midpoint formula. 



o 

(N 
00 



< 

U 



o 
o 



X 



1. INTRODUCTION 

Let f : I C [0, oo) — )■ R be a differentiable mapping on 1°, the interior of the interval I, such that 
f €z L ([a, b]) where a , b £ I with a < b . If |/' {x)\ < M , then the following inequality holds (see [2]): 



f{u)du 



< 



M 



{x — a)^ + {b — x)^ 



This inequality is well known in the literature as the Ostrowski inequality. For some results which gener- 
alize, improve, and extend the above inequality, see [2] , [S] ' ) [IS] and [TT], the references therein. 

In |12] . G. Toader defined m— convexity, an intermediate between the usual convexity and starshaped 
property, as the following: 

Definition 1. The function / : [0, 6] — t- M, 6 > , is said to be m— convex, where m G [0, 1], if we have 

f{tx + m(l - t)y) < tf{x) + m(l - t)f{y) 

for all x,y £ [0, b] and t £ [0, 1]. 

Denote by Km{b) the set of the m— convex functions on [0, b] for which /(O) < 0. 

J, 6 > is said to be starshaped if for every x G [0, b\ and t € [0, 1] 



Definition 2. The function f : [0,6] 
we have: 



f{tx) < tf{x). 



For m = 1, we recapture the concept of convex functions defined on [0, b] and m = we get the concept 
of starshaped functions on [0, b]. 

The following theorem contains the Hermite-Hadamard type integral inequality (see [8]). 



Theorem 1. Let f : I C 

the inequality: 



be an M-Lipschitzian mapping on I and a,b £ I with a < b. Then we have 



(1) 



a + b 



f{x)dx 



< M 



In [13,] E. Set, M.E. Ozdemir, M.Z. Sarikaya established the following theorem. 

Theorem 2. Let f : 1° C [0,6*] — ^ M, 6* > 0, be a differentiable mapping on L° , a,b £ L° with a < b. If 
l/'l'' is m— convex on [a,b], q > 1 and m £ (0, 1], then the following inequality holds: 



2000 Mathematics Subject Classification. 26A51, 26D10, 26D15. 

Key words and phrases, m— convex function, Starshaped function. Convex function, Ostrowski inequality, Hermite-Hadamard 
inequality. Holder inequality, Power Mean inequality. Special means. The Midpoint formula, Lipschitzian mapping. 
* Corresponding Author. 

1 



2 



HAVVA KAVURMACI*'*, M. EMiN OZDEMiR*, AND MERVE AVCI 



(2) 



a + b 



b — a 



f{x)dx 



<{b-a) 



f'{a) \ + mi 



m 



where ^ <b*. 

In p!l] U. Kirmaci proved the following theorem. 

Theorem 3. Let / : /° C M — )• M 6e a dijjerentiable mapping on 1° , a,b £ 1° with a < b. If the mapping 
I /'I is convex on [a,b], then we have 



(3) 



/ 



a + b 



b — a 



f{x)dx 



<^(|/'(«)| + |/'W| 



In [9] S.S. Dragomir and G. Toader proved the following Hermite-Hadamard type inequality for m— convex 
functions. 



Theorem 4. Let f : [0,oo) 
/ e L^{[a,b]) then 



be an m— convex function with mG(0, 1]. If < a < b < oo and 



(4) 



b — a 



f{x)dx < min 



f{a) + mf{i) f{b)+mfi^: 



Some generalizations of this result can be found in [4J. 

In |3] M.K. Bakula, M.E. Ozdemir and J. Pecaric proved the following theorems. 

Theorem 5. Let I be an open real interval such that [0, oo) C /. Let / : I — )• M be a differentiable function 
on I such that f E L{[a^ b\), where < a < b < oo . If \ f'\'' is m— convex on [a, b] for some fixed m G (0, 1] 
and q £ [1, oo) , then 



(5) 

where 



/(«) + fib) 
2 



b — a 



f{x)dx 



<^-j^[l^l+l^^ 



1^1 



1^2 



mm 



mm 



l/»r + ^|f(|^)r |f(^)|Vm|r(^)|^ 
2 ' 2 

\nbr + m\f'{^)\' |f(^)|Vm|f(A)f 
2 ' 2 



Theorem 6. Let I be an open real interval such that [0, oo) C /. Let / : / — t- M be a differentiable function 
on I such that f G L{[a, b]), where < a < b < oo . If \ f'\'' is m— convex on [a, b] for some fixed m G (0, 1] 
and q £ [1, oo) , then 



(6) 



/ 



a + b 



b — a 



f{x)dx 



^ b-a . ] /|/'(a)r + m /'( 
< — ■ — mm 



m'\ \ 



The main purpose of this paper is to establish new Ostrowski type inequalities for functions whose 
derivatives in absolute value are m— convex. Using these results we give some applications to special means 
of positive real numbers and we obtain some error estimates for the midpoint formula. 
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2. THE RESULTS 

In [1], in order to prove some inequalities related to Ostrowski inequality, M. Alomari and M. Darus used 
the following lemma with the constant (b — a), but we changed it with the constant (a — b) to obtain an 
equality in Lemma [7j 

Lemma 7. Let / :/ cM— t-M be a differentiable mapping on 1° where a,b £ I with a < b. If f £ L ([a,b]) , 
then the following equality holds: 



(7) fix) 
for each t G [0, 1] , where 



b — a 



for all X G [a, b] . 



Pit) 



t - 1 



fiu)du = (a - 6) / pit)f'ita + (1 - t)b)dt 



t £ 



b-a 



t G I — I 



Theorem 8. Let I be an open real interval such that [0, oo) C /. Let / : I — )• M be a differentiable function 
on I such that f G i([a, 6]), where < a < b < oo . If \ f'\ is m— convex on [a, b] for some fixed m £ (0, 1], 
then the following inequality holds: 



(8) 



< 



fix) 



a) min < 



b — a 



fiu)du 



1 / 

2 \ h~a 



+ 



2 / b-x 



3 V b 



1 / b^ 

2 I b-a 



1 ( b^\^ 4_ 2 / b^'^ ^ 

2 I b-a j 3 I b-a 



1 / b^ 

2 \ b-a 



1 / b^ 
3 V b-a 



\f'ia)\ 

\f'ib)\ 



1 / x—a 
3 I 6-a 



for each x £ [a,b] . 

Proof. By Lemma [7[ we have 



fix) 



1 



fiu)du 



b — a , 

b — x 

< ib-a) ['^" t\f'ita + il-t)b)\dt 



+ib-a) [ il-t)\f'ita + il-t)b)\dt 



Since |/'| is m— convex on [a, b] we know that for any t £ [0, 1] 



\f'{ta + il-t)b)\ 



f'ita + mil -t)—) 



m 



< t |/'(a)| +m(l -t) 



m 
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fix) 



< (b-a) I 
Jo 



b — a 



b — x 

h — a 



f{u)du 
t\f{a)\ +m{l-t) 



dt 



+{b-a) {1-t) 

I b — x 



t\f'{a) \ +m(l-t) 



m 



(6 - a) < 



I _ 1 ( 

6 2 I b-a 



3 I b-a 



1 / b^\ _ I I b^ 

2 V b-a j 3 I b-a 



+ 



1 / x—a 



l/'(«)l 
3" 



3 \ b-a 



dt 



I ( b 



fi- 



where we use the facts that 



b — x 
b-a 



t\f'ia)\ +m{l-t) 



,fb 



m 



dt 



1 ^b-x 



3 \b — a 



I /'(a) I +m 



1/6 — 1/6 — 



2 \b — a J 3 \b — a 



,fb 



m 



and 



fa- a. 



(1-t) 



t\f'{a)\ +m{l-t) 



f 



dt 



1 1 f b — 1/6 — x^'^ 

+ 



and analogously 



6 2 V 6-a 



fix) 



b — a 



< (6 - a) < 



3 V 6 — a 



fiu)du 



1 _ 1 / fe^ 

6 2 I 6-a 



I /'(a) I +m- 



1 / X — a 



3 V 6 — a 



+ 



2 / fe-x' 



3 \ b—a 



+m 



1 / \ _ 1 / 6^ 

2 I 6-a I 3 I 6-a 



+ 



1 / x—a 



\nb)\ 

3" 



3 V 6 



The proof is completed. 



□ 



Remark 1. Suppose that all the assumptions of Theorem^ are satisfied. If we choose x = , then we 
have 

rb 



a + b 
2 

b—a 



1 

b — a 



< min < |/'(a) I + m 



f{u)du 
6 



m 



Anb)\+m f 



m 



which is [^,q=l]. 

Remark 2. Suppose that all the assumptions of Theorem^ are satisfied. Then 
(A) If we choose m = 1 and x = we obtain 

rb 



f 



a + b 



b — a 



f{u)du 



<^(|/»l + imi)> 



which is ([3|. 

{B) In {A). Additionally, if we choose < M, M > 
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/ 



a + b 



b — a 



f{u)du 



< M 



(b-a) 



which is ([T]). 



Theorem 9. Let I be an open real interval such that [0, oo) C /. Let / : I — t- M be a differ entiable function 

V 

on I such that f G L{[a, b]), where < a < 6 < oo . If\f'\ is m— convex on [a, b] for some fixed m G (0, 1] 



and p > 1, p + l ; then the following inequality holds: 



(9) 



f{x 



1 



< 



1 



{p + l)p 



+ 



b — a 

b—a 

(x-af 



mm 



f{u)du 

\f{bW+m\f'i^)\' \f'{x)\^+m\f'{^)\' 



b—a 



mm 



2 ' 2 



for each x G [a, b] . 

Proof. From Lemma [7| and using the Holder inequahty, we have 

1 



fix) 



b — a 



f{u)du 



< {b-a)\J fPdt 



h — x 
b — a 



b — x 

b — a 



f {ta + {I - t)b)\Ut 



+{b-a)(^J^_ {l-t)Pdty (^J^_ \f'{ta + {l-t)b)\''dt^ 



< (b-a) 



p+i 

b — x\ p 



b — a 



1 1 
1 \ p / b — x\ 1 



p + Ij \b — a 



X mm 



j^f(b)\_^ + m\f'{^)\' |f(x)r + m|f (, 



b \ \1 



+ib-a) 



X mm 



x — a\ p 



2 

E+l 



1 1 

1 \ p x — a\ 1 



{p+l)p 



where we use the facts that 



b — aj \P + ^ J \t> — a 

|/»r + m|/(^)|'^ \f[a:r + m\f'{^)\' ' 
2 ' 2 

(6 — x)'^ min 

-\-{x — a)^ mm 



1 



h b — a 



2 ' 2 

'|f(a)|-^+m|r(^)|^ |/'(x)r+m|/'(^)| 



b — x 
b — a 



tPdt 



p+i 



1 



b — a J p + 1 
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and by Theorem |4] we get 

b — x 

b — Qj f b-a , , i„ 



X Jo 



< mill 

b-a 



\nbr + m\f{^W \n^)\' + rn\f'{^)\ 



X — a I b-x 

b—a 



< mill 



2 ' 2 

f (ta + {1 - t)b)\'^ dt 
|/'(a)r + m|/'(^)|^ \f{x)\'i + m\f{^^ 



The proof is completed. 



□ 



Corollary 10. Suppose that all the assumptions of Theorem^ are satisfied, if we choose < M, 

M > 0, then we have 



b — a 



f{u)du 



Xp + i)p ^ 



{b-x)^ + (x-a) 
b — a 



21 



Corollary 11. Suppose that all the assumptions of Theorem^ are satisfied, if we choose x = and 



2 < (^;tt)^ < ^' ^hen we have 



a + b 



b — a 



f{u)du 



b-a f ^- i 



where 



\rm'' + m\r{'^)\' \f'{'^)\^+m\r{iy'' 



= mm 



fi2 = mm 



Remark 3. Corollary 11 is similar to ^ inequality, but for the left-hand side of Hermite-Hadamard 
equality. 



m- 



Remark 4. Suppose that all the assumptions of Theorem^are satisfied. Then in Corollary 11 
(D) I /'I is increasing and m = 1 then we have 



/ 



a + b 



1 



2 J b-a 
(E) I /'I is decreasing and m = 1 then we have 



/ 



a + b 



1 



b — a 



f{u)du 



f{u)du 



<'^l/»|. 



(F) \ f'{b)\ = \f'{a)\ = \ f' (^) I and m = 1 then we have 



/ 



a + b 



b — a 



f{u)du 



< 



b — a 



I f a + b 
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Theorem 12. Let I be an open real interval such that [0, c«) C /. Let f : I be a differentiable function 
on I such that f G L{[a, b]), where < a < b < oo. If \ f'\'^ is m— convex on [a, b] for some fixed m G (0, 1] 
and q G [l,oo), x G [a,b], then the following inequality holds: 



(10) 



fix) 



< {b-a) 



b — a 



f{u)du 



+ 



b—a 



2 



6(b- 



for each x £ [a,b] . 

Proof By Lemma [7] and using the well known power mean inequality we have 



fix) 



b — a 



b — x 
i b — a 



fiu)du 

< {b-a) [ t\f'{ta + {l-t)b)\dt 
Jo 

+{b-a) [ {l-t)\f'{ta + {l-t)b)\dt 



< ib-a) 



+{b-a) 



< ib-a) 



b — x 
b — a 



b — x 
b — a 



b — x 
1 b — a 



b — x 
b — a 



n u — a 

J t\f'{ta + {l-t)b)\'^dt 
{l-t)dt] ( [ {l-t)\f'{ta + {l-t)b)\'^dt 



b — x 
b — a 



b—x 
b—a 



2 1 



+ 



x—a 
b—a 



2 1-: 



where we use the facts that 



b — x . 

b-^ , 1 fb — X 

tdt = - { 

2\b-a 



b — x 

b—a 



t\f{ta+{l-t)b)\'^dt 



< 



Ifb-xY,, ,q (6-x)2(6-3a + 2x) 



3 V — a 



/'(a)r + m- 



6(6 -a)3 



m 
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< 



{l-t)\f'{ta + {l-t)b)\''dt 
- xf{3a-2x -b) 



b — a 

1 
6 



6(6 -a)3 



1 f X — a 



2> \ b — a 



f 



m 



The proof is completed. 



□ 



Remark 5. Suppose that all the assumptions of Theorem 12 are satisfied. If we choose x = we obtain 
'a + b\ 1 ' 



/ 



b — a 



f{u)du 



3 1 



<{h-a)\ — \{ /(a) +m5 



8 



m 



which is ([2]). 



3. APPLICATIONS TO SPECIAL MEANS 



Let us recall the following means for two positive numbers. 
[AM] The Arithmetic mean 

. , ,s a + b 
A = A{a, b) = -^-j a, 5 > 0, 



a 



(p+l)(b-a) 



if a = b 

1 

if a^b 



a,b> 0, 



[p — LM) The p-Logarithmic mean 

Lp = Lp{a, b) = < 
{IM) The Identric mean 

I = I(a,b) = 
The following propositions hold: 

Proposition 13. Let a,bG [0, 00), and a < b, n > 2 with m G (0,1]. Then we have 



a if a = b 

1 fb^\th ; a,b>0. 

' ' ij a f= b 



|^"(a,6) -L;^(a,6)| < n^^min<( | a"-\m ( ^ 



,2A{{br-\m(- 



Proof. The proof follows by Remark [T] on choosing / : [0, 00) — )• [0,oo), f{x) = x", n G Z, n > 2 which is 
m— convex on [0, 00) . □ 

Proposition 14. Let a,b G [0, 00), and a <b, with m G (0, 1]. Then we have 



In 



/(a + 1,6+1) 



A{a,b) + l 



where 



mm 



mm < 



1 

6+1 



+ m 



< 



2m 



b — a 



Vi + ^2 > 



a+b+2m ) \ a+b+2 



m 



b+m 



1 

a+1 



+ m 



2m 



a+b+2m I \ a+b+2 



+ m 



m 
a+m 



Proof. The proof follows by Corollary 11 on choosing / : [0,cxd) — t- (— oo,0], f{x) = — ln(x + 1) which is 
m— convex on [0, 00), p > 1. □ 
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4. APPLICATIONS TO THE MIDPOINT FORMULA FOR 1 - CONVEX FUNCTIONS 

Let d be a division a = xq < xi < ... < Xn-i < x„ = 6 of the interval [a, 6] and consider the quadrature 
formula 



(11) 
where 



fix)dx = M{f,d)+E{f,d), 



n-l 



M{f,d) = J2i^W-^i)f 



i=l 



Xi-^\ -\- X{ 



is the midpoint formula and E{f,d) denotes the associated approximation error (see [7]). 
Here, we obtain some error estimates for the midpoint formula. 

Proposition 15. Let I be an open real interval such that [0, oo) C /. Let f : I ^ M be a differentiable 
function on I such that f £ L{[a,b]), where < a < b < oo . If \ f'\'^ is 1— convex on [a,b] for some fixed 



m G (0, 1] and p > 1, p + g = 1; then in (11), for every division d of [a, b], the midpoint error satisfies 



n-l 



\E{f,d)\<lY.{x,+,-Xif[i^l+f,^], 



i=0 



where 



Hi = mm 



+ \nx^)\' 



l/'(2;m)r + 



^2 = mm 



fl (Xi+Xi+l- 



Proof. On applying Corollary 11 with m = 1 on the subinterval [xj, Xj+i] {i = 0, 1, 2, n— 1) of the division, 
we have 



/ 



1 



f{x)dx 



Xj-i-l Xi I 
< I Hl + /i2 , 



where 



+ If'ix 



f'C-^) '■ + \nx,+iy'^ 



Hence, in (11) we have 



f{x)dx-M{f,d) 



< 



n-l 

E 

i=0 
n-l 

E 

i=0 



f{x)dx - (xj+i - Xi) f 



f{x)dx - (xi+i - Xi) f 



n-l 



i=0 



10 HAVVA KAVURMACI*'*, M. EMiN OZDEMiR*, AND MERVE AVCI* 

which completes the proof. □ 

Proposition 16. Let I he an open real interval such that [0, oo) C /. Let f : I ^ M. be a dijjerentiable 
function on I such that f E L{[a,b]), where < a < b < oo. // |/'|'' is 1— convex on [a,b] for some fixed 



m G (0, 1] and q S [1, oo), x G [a, b], then in (11 ), for every division d of [a, b], the midpoint error satisfies 



3 1 



\E{f, d)\<[ — ]Y, (^.+1 - i\f'{x.)\ + 1/ . 



i=0 



Proof. The proof is similar to that of Proposition 15 and using Remark [5] with m = 1. □ 
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